We show that a regularized determinant based on Hilbert's approach (wich we call the "p-determinant") of a quotient of elliptic operators de ned on a manifold with boundary is equal to the "pdeterminant" of a quotient of pseudodi erential operators. The last ones are entirely expressible in terms of boundary values of solutions of the original di erential operators. We argue that, in the context of Quantum Field Theory, this boundary values also determine the subtractions (i.e., the counterterms) to which this regularization scheme gives rise.
-Introduction
In a recent paper 1], R. Forman has established a relation between the quotient of -function regularized determinants of elliptic operators de ned on a manifold with boundary and the boundary values of their solutions. In fact, under certain conditions 1], such quotient is equal to the determinant of a quotient of pseudodi erential operators, entirely expressible in terms of boundary values of the solution space of the original elliptic operators. Thus, this approach has the advantage that, if one has a good understanding of this solution space (which is independent of the boundary conditions), one can study how the determinant varies as a function of the operators and of the boundary conditions. In such way, all considerations can be restricted to the boundary, which is a manifold of dimension one less than the original one, without requiring the knowledge of eigenvalues, which are global quantities of di cult handling.
Even though succesfully employed in some applications of physical interest 1, 2], the conditions under which Forman's result is valid appear to be too restrictive. In fact, they can be addressed to the existence of the derivative of the Fredholm determinant of the quotient of elliptic operators. This clearly excludes those situations in which this Fredholm determinant does not exist, but a more general regularized determinant (which we will call "p-determinant"), based on Hilbert's approach , can be de ned 3, 4] .
The aim of this paper is to generalize Forman's result, without loosing its forementioned advantages.
In section 2 we establish our main result: Under certain conditions to be speci ed later, the p-determinant det p 
is an elliptic di erential operator depending on a parameter , L( ), restricted to functions f de ned in a region R n and satisfying Af = 0 (Bf = 0) at the boundary @ ) equals the p-determinant det p ( ?1 AB (0) AB ( )) (where AB ( ), acting on functions living on @ , is Forman's map de ned in reference 1]).
We also argue that the application of this method in the context of Quantum Field Theory allows to determine the subtractions which occur in this regularization scheme (i.e., the pieces requiring renormalization) also from boundary values of solutions of the operators.
In section 3 we apply our result to some physically interesting problems. In particular, for a bosonic eld at nite temperature, the di erence of free energies corresponding to two boundary conditions is evaluated, carefully studying the subtractions occuring and the related problem of renormalization.
Finally, section 4 contains some comments and conclusions.
-Generalization of Forman's result
In what follows, we will be interested in elliptic linear di erential operators L( ), depending on a parameter and restricted to functions de ned in a region R n and satisfying elliptic boundary conditions corresponding to the projection Bf = 0 at @ . We will suppose that the homogeneous problem:
Lf(x) = 0; x 2 Bf(x) = 0; x 2 @ 
where is any di erentiable path,
(0) = 0; (1) = 1; such that ( (t)) ?1 does not belong to the spectrum of M.
If M is a di erentiable function of a parameter , from equation (7), one gets:
We will now suppose that L A ( ) and L B ( ) are such that the operator
where L 0 acts on functions in the kernel of the di erential operator L.
Then, from equation (8), it is easy to get:
(10) By repeated application of equations (5) and (6), we will prove the following
When replaced in equation (10), this result allows us to write:
(13) Notice that, using equation (4), the last factors in the trace can be rewritten as: 
as long as these p-determinants exist and equation (9) is satis ed (since both sides equal 1 at = 0).
Notice that this is a generalization of Det (18) which is the integrated version of Theorem 1 in reference 1].
In this case (p = 1) one could also follow reference 1] and collect all -independent factors into an integration constant (see equations (10) and (15)) which, under particularly lucky circumstances, can be evaluated 1, 2]. In the general case (p > 1), no such factorization takes place. Equation (17) in the Theorem above states that the p-determinant on the left can be entirely expressed in terms of objects acting on functions de ned just on the boundary, which can be evaluated from the boundary values of solutions of the elliptic operators 1, 2] (see section 3 later in this paper for an explicit example).
We wish to stress that, in the context of Quantum Field Theory, the problem of analyzing the subtractions taking place in this regularization scheme can also be reduced to the consideration of objects at the boundary. In fact, let us consider for a while that the (p-1)-determinants of the operators in equation (17) 
When the (p-1)-determinant does not exist, equation (20) can be considered to be a formal identity, which can be extended to all integer powers from 1 to (p-1). In such a way, the (divergent) subtractions in the present regularization scheme (and, therefore, the nite counterterms required) can be expressed entirely in terms of the operator AB ( ). We will make explicit application of these arguments in the third example of Section 3.
Our Theorem concerns variations of the elliptic operator L. To end this section, a comment on variations of the boundary conditions is in place: Let us consider a situation in which boundary conditions, rather than operators, depend on through a regular transformation U( ) such that the relevant boundary values of a solution of L, f, are given by AU ?1 ( )f (BU ?1 ( )f). Again, we will suppose that the boundary value problem is nonsingular.
We 
We will introduce a smooth function U ?1 (r), such that U ?1 (R) = 1 and @ r U ?1 (R) = ? . Then, we have: AU ?1 f = a@ r f(R; ) + (1 ? a) f(R; )
In order to determine AB ( ), we choose as a basis in the kernel of L the system: f k (r; ) = I k ( r) expfik g; for k 2 Zg 
From equation (7) and the asymptotic behavior of I k (z) for large k, which gives:
one can see that the Fredholm determinant of the operator in equation (32) doesn't exist, but its p-determinant for p 2 does. Then, the Theorem in section 2 implies that: In this section, we study a massive scalar eld con ned to a circle of radius R, at nite temperature T = ?1 > 0 and subject, at the spatial boundary, to the conditions de ned in equation (26) of the previous example.
As is well-known, the partition function of such a system leads to the consideration of the fuctional deteminant of the di erential operator: f n;k (r; ; t) = I k ( n r) expfik + i! n tg; for n; k 2 Zg ;
where n = q (! 2 n + m 2 ) and ! n = 2n . To determine Forman's map, it is enough to consider projections on the spatial boundary (since nk is periodic in the t-direction): h n;k ( ; t) = AU ?1 n;k = f(1 ? a)I k ( n R) + a n I 0 k ( n R)g expfik + i! n tg h 0 n;k ( ; t) = BU ?1 n;k = I k ( n R) expfik + i! n tg (38) Once more, AB ( ) is diagonal when referred to the basis of functions at the boundary fexpfik + i! n tg; for n; k 2 Zg ; (39) so:
Now, the asymptotic Debye expansion for Bessel functions 5, 6] at large order and/or argument:
shows, when replaced in equation (7) that the p-determinant of the operator in equation (40) exists only for p 3. So, from our main result, it turns that:
(42) In order to de ne a quotient of partition functions of the system (subject to the di erent boundary conditions) in the regularization scheme provided by this approach, one should study the subtractions which take place. As pointed in section 2, this can be reduced to the consideration of the two terms subtracted in equation (42) (corresponding to the argument of the exponential in each factor of the double product). These are two (divergent) terms, which must be readded after being renormalized 7] . Notice that they are linear and quadratic in respectively, which suggests the introduction of two nite counterterms, given by the integral over the boundary of densities linear and quadratic in U@ r U ?1 . This point will be more explicitly considered in our last example, where a variable external eld will be introduced.
-Variable external eld
In order to analyze the renormalization scheme to which the approach developed in this paper leads, we now treat the situation in which a more general external U eld appears. We consider U(r; ) such that: U(R; ) = 1 U@ r U ?1 (R; ) = ?
given by: h 0 n;k ( ; t) = 1 X l=?1 1 + a n I 0 k ( n R) I k ( n R) l;0 ? aC l I k ( n R) expfi(k+l) +i! n tg h n;k ( ; t) = I k ( n R) expfik + i! n tg: (44) In the present case, AB ( ) is diagonal only in n when referred to the basis in equation (39). After a direct algebra, one gets: 
It can be seen that the p-determinant of the operator in equation (45) 
where = q k 2 + (R n ) 2 . In equation (48) the rst series is absolutely convergent, while the second is analytically regularized through the introduction of a factor 1= s , and only its nite part at s = 0 is retained. It can be veri ed that the residue at s = 0 is linear in , so that only temperature-independent divergencies must be removed from the free energy 8]. This clearly requires the introduction of a ( nite) local counterterm of the form:
For q = 2, the situation is more involved, since one can distinguish a nite nonlocal contribution plus a divergent local term. Indeed, one can write: applying our results in the context of Quantum Field Theory. Indeed, these are the divergent pieces which require to be renormalized. In Section 3, we have studied some models of interest to Physics, which clearly show the need for this generalization as well as the great simpli cation due to the reduction to the boundary. In particular, in the third one, we have discussed the correction to the free energy of con ned free bosons as a function of a variable external eld coupled through boundary conditions. The study of the discarded traces, once regularized, allowed us not only to determine the required counterterms, but also to recover a nonlocal nite contribution as well as local nite temperature-dependent pieces thrown away by the de nition of the p-determinant.
Notice that, even though this approach requires the introduction of two di erent boundary conditions, in the examples treated here, a convenient selection of one of the boundary projection operators (such that the free energy F B ( ) it determines is -independent) allowed us to obtain the di erence of free energies with and without external eld for a unique boundary condition. Another Afreedom this method allows is the possibility of choosing also a particular value of the parameter . This idea has been applied to evaluate the chiral correction to the free energy of a four-dimensional chiral bag, and will be presented somewhere else 9].
Finally, we wish to mention that the relationship between this regularization with p > 1 and the -function one is rather more involved than in the p=1 case, and is at present under study.
